MTH 174 9.8 Handout

Definition of Power Series
If x is a variable, then an infinite series of the form

CO

zanx"=a0+a1x+a2x2+a3x3+- -+ ax*+ -
n=0
is called a power series. More generally, an infinite series of the form

o0
Zanx—c)"=a0+al(x-—c)+a2(x—c)2+- et ax—o)t+-
n=0

is called a power series centered at ¢, where c is a constant.
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Power Series

a. The following power series is centered at 0.

b. The following power series is centered at — 1.

[

S DG+ =1- D)+

c. The following power series is centered at 1.

Sla-r=G-D+ie-1p+

[ 2 Y QSN

n=1
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basic forms: a single point, an interval centered
at ¢, or the entire real number line.

Figure 9.17

THEOREM 9.20 ™

Convergence of a Power Series
For a power series centered at c, precisely one of the following is trye,

1. The series converges only at c.
2. There exists a real number R > 0 such that the series converges absolutely

for
|x—e¢| <R
and diverges for

|x = ¢| > R

3. The series converges absolutely for all x.
The number R is the radius of convergence of the power series. If the series
converges only at c, then the radius of convergence is R = 0. If the series

converges for all x, then the radius of convergence is R = cc. The set of all
values of x for which the power series converges is the interval of convergenct

of the power series.

A proof of this theorem is given in Appendix A.
See LarsonCalculus.com for Bruce Edwards’s video of this proof.
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Finding the Radius of Convergence

:EXAMPLE 2

. . w
Find the radius of convergence of E nix".

n=0
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eI VIR Finding the Radius of Convergence

Find the radius of convergence of

i 3(x — 2).
n=0

f:.PE Finding the Radius of Convergence

Find the radius of convergence of

oo ( l)n 2n+1
Z 2n + 1)' |
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Radius: 0 Radius: oo
¢ > X - t X
. c
Radius: R
R R R R
I L 1., 1\ .. [ 1«
 S—— 1 C - ! ¢
(c-R,c+R) (c-=R,c+R) [c—R,c+R) [c—R,c+R]

Intervals of convergence

Figure 9.18

m Finding the Interval of Convergence

» » « « > See LarsonCalculus.com for an interactive version of this type of example.

Find the interval of convergence of

3=
n=1 0
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;-EXAPL Finding the Interval of Convergence

: : S (—1)"(x + 1)
Find the interval of convergence of (1) (; ) A
n=0
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<EXAMPLE 25

Finding the Interval of Convergence

Find the interval of convergence of

o)
nzl n

n

| =

N
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THEOREM 9.21 Properties of Functions Defined by Power Series
If the function

) = 2 a,(x = cr

= q, +al( —c)talx—cP+ax—c)P+

has a radius of convergence of R > 0, then, on the interval
(c—R,c+R)

f is differentiable (and therefore continuous). Moreover, the derivative and
antiderivative of f are as follows.

1. fx) = i na,(x — c)y"!
n=1

+ 2a,(x — ¢) + 3a,(x — ¢)? +

2. ff(x) - i G=gr

n+1
— )2 — )3
=C+a0(x_c)+al(_x_2_c)+a2(x_3£l_

The radius of convergence of the series obtained by differentiating or integrating
a power series is the same as that of the original power series. The interval of |
convergence, however, may differ as a result of the behavior at the endpoints
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Intervals of Convergence for f(x), f(x), and [f(x) dx

Consider the function

oyt x2 ' x3

=Y “=x+5+T 40,
fx) o n T3

Find the interval of convergence for each of the following.

a. [f(xdx b fl) e f)
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