MTH 285 6.5 Handout

ety b L

FINITION

IfAismxnandbisinR”',a

least-squares solution of Ax = b is an X in R"
such that

b — A%|| < [Ib— 4x|

for all x in R”.

FIGURE 1 The vector b is closer to AX
than to Ax for other x.

FIGURE 2 The least-squares solution X is in R”.
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ATAx = ATb 3)

The matrix equation (3) represents a system of equations called the normal equations
for Ax = b. A solution of (3) is often denoth by X.

3 The set of least-squares solutions of Ax = choincides with the nonempty set of
HEOREM 1 solutions of the normal equations ATAx = ATb.

EXAMPLE 1 Find a least-squares solution of the inconsistent system Ax = b for

4 0 2
A=10 2, b= 0
I 1 11
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EXAMPLE 2 Find a least-squares solution of Ax = b for
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THEOREM 14 Let A be an m x n matrix. The following statements are logically equivalent:

a. The equation Ax = b has a unique least-squares solution for each b in RrR™.
b. The columns of A are linearly independent.
c. The matrix A”A is invertible.

When these statements are true, the least-squares solution X is given by
§=(ATA) 14T @)

EXAMPLE 3 Given 4 and b as in Example 1, determine the least-squares error in
the least-squares solution of Ax = b.

EXAMPLE 4 Find a least-squares solution of Ax = b for

1 -6 -1

1 -2 2
A= —_

1 1] b= 1

1 7 6
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b .\'3
2,0, 1)}

\

\ FIGURE 3

THEOREM 15 Given an m x n matrix A with linearly independent columns, let A=0OR b.e &
QR factorization of A as in Theorem 12. Then, for each b in R™, the equation
Ax = b has a unique least-squares solution, given by

£=R'Q0™b (6)

EXAMPLE 5 Find the least-squares solution of Ax = b for

1 3 5 3
1 1 0 5
A=|1 1 2] P=| 7
1 3 3 -3
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\PRACTICE PROBLEMS

1 -3 =3 5
1.LetA=|1 5 1 |andb= | —3 |.Find a least-squares solution of Ax = b,
1 7 2 -5

and compute the associated least-squares error.

What can you say about the least-squares solution of Ax = b when b is orthogonal
to the columns of A?

6|Page



