MTH 174 9.1 Handout

Listing the Terms of a Sequenc

a. The terms of the sequence {a,} = {3 + (—1)"} are

- n
b. The terms of the sequence {b,} = {—1—_—2;} are

n?
c. The terms of the sequence {c,} = {5;_—1} are

d. The terms of the recursively defined sequence {d, }, where d ,=25andd

n+1 = dﬂ-s’
are
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Definition of the Limit of a Sequence

Let L be a real number. The limit of a sequence {a,} is L, written as

lim a,=1L

n—0o0
if for each € > 0, there exists M > 0 such that |a, — L| < &€ whenever n > M.
If the limit L of a sequence exists, then the sequence converges to L. If the limit

of a sequence does not exist, then the sequence diverges.
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Forn > M, the terms of the sequence
all lie within € units of L.
Figure 9.1

THEOREM 9.1 Limit of a Sequence
Let L be a real number. Let f be a function of a real variable such that

lim f(x) = L.
X—>00
If {a,} is a sequence such that f (n) = a, for every positive integer n, then

lim a, = L.
n—oo
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Finding the Limit of a Sequence

. IR%
Find the limit of the sequence whose nth term is a, = (1 + _ﬁ) .

THEOREM 9.2 Properties of Limits of Sequences

Let lim a, = L and lim b, = K.

n—oo n—o0

1. lim (@, +b) =Lt K

n—oo

2. lim ca, = cL, cis any real number.

n—co

3. lim (a,b,) = LK

n—oo

_a, L
4. lim >t =2, b, # 0and K # 0

n—oo bn
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Determining Convergence or Divergen

ceee > See LarsonCalculus.com for an interactive version of this type of exar
a. Because the sequence {a,} = {3 + (—1)"} has terms

2,4,2,4,. .. See Example 1(a), pe

b. For {b,} = { " _n 2n}’ divide the numerator and denominator by n to obtain
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REXAMPLE 4}

Show that the sequence whose nth term is a, =

Using L'Hopital’s Rule to Determine Convergen

n2

2" —1

converges.

THEOREM 9.3 Squeeze Theorem for Sequences

If lim a, = L = lim b, and there exists an integer N such that a, <c, <b,

n—oo n—o0o
foralln > N, then lim ¢, = L.
n—oo
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E Using the Squeeze Theorem

P
ekt LI,
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THEOREM 9.4 Absolute Value Theorem

For the sequence {a,}, if

lim |a,| =0 then lim q, = 0.

n—o0 n—oo

1’35 7797 "

and then determine whether the sequence you have chosen converges 0f dr
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Finding the nth Term of a Sequence

Determine the nth term for a sequence whose first five terms are

2 8 26 80 242

1’2" 6724 12007

and then decide whether the sequence converges or diverges.

Definition of Monotonic Sequence
A sequence {a,} is monotonic when its terms are nondecreasing

e o . < . . .
a, <a, <das< <a, <
or when its terms are nonincreasing

0126122032"'20"2"'

8|Page



MTH 174 9.1 Handout

Determining Whether a Sequence Is Mon

Determine whether each sequence having the given nth term is monotonic.
a.a, =3+ (1)

2n
bl bn_1+

n2
R T
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(¢) Not monotonic
Figure 9.3

%
4

Definition of Bounded Sequence

1. A sequence {a,} is bounded above when there is a real number M such that
a, < M for all n. The number M is called an upper bound of the sequence.

2. A sequence {a,} is bounded below when there is a real number N such that
N < a, for all n. The number N is called a lower bound of the sequence.

3. A sequence {a,} is bounded when it is bounded above and bounded below.
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THEOREM 9.5 Bounded Monotonic Sequences

If a sequence {a,} is bounded and monotonic, then it converges.

21+ ’,.—"34 %
- a3
-~“a,
l...
<g, <<
a, a,fa,<a;s <L

Every bounded, nondecreasing
Sequence converges.
Figure 9.4
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Bounded and Monotonic Sequences

EXAMPL

a. The sequence {a,} = {1/n} is both bounded and monotonic, and so, by Theorem 9.5,
it must converge.

b. The divergent sequence {b,} = {n*/(n + 1)} is monotonic, but not bounded. (It is
bounded below.)

¢. The divergent sequence {c,} = {(—1)"} is bounded, but not monotonic. |
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